Many cellular processes require sub-cellular positioning of proteins. This can be due to passive mechanisms such as recruitment by existing landmarks or curvature sensing. However, in bacteria active self-positioning is likely to play a role in multiple processes, including the positioning of the future division site and cytoplasmic protein clusters. How can such dynamic clusters be formed and positioned? Here, we present a model for the self-organization and positioning of dynamic protein clusters into regularly repeating patterns based on a phase-locked Turing pattern. A single peak in the concentration is always positioned at mid-domain (mid-cell) while two peaks are positioned one at each quarter-position etc. Furthermore, domain growth results in peak-splitting and pattern doubling. We argue that the model may explain the regular positioning of the highly conserved Structural Maintenance of Chromosomes (SMC) complexes on the bacterial nucleoid and provides an attractive mechanism for the self-positioning of dynamic protein clusters in other systems.
regular positioning. See the SI text for further discussion. This very general argument has been previously made for regular plasmid positioning 27 and, albeit implicitly, for positioning of the lateral chemotactic clusters in E. coli 28 , which are both essentially static objects. Note that only the former is an example of self-organisation 29 ; the latter system exhibits self-assembly 30 . Here, however, nucleoid-cytosol exchange, in combination with a Turing instability, results in the self-organisation and positioning of highly dynamic protein clusters. Importantly, unlike the plasmid case, the positioning is done by the same proteins that constitute the object, rather than a separate positioning system.
Stochastic effects increase robustness of positioning. Biological systems are subject to noisy environments and this is especially true for proteins with small cellular concentrations. Indeed many (potential) self-positioning proteins have relatively small molecular numbers and therefore their positioning is continually subject to perturbing stochastic effects.
Recent estimates for the number of MukBEF molecules in the cell are in the range of 200-500 molecules 25, 31 . We therefore developed a stochastic (Gillespie) simulation of the system to investigate the effect of noise on the positioning mechanism.
We again found pattern-fixing behaviour. Foci fluctuated around the middle position (3 µm domain) or at the quarter positions (6µm domain) ( Fig. 1e ). The distributions obtained over long-time simulations showed clear maxima at these positions ( Fig. S5 ). Furthermore, averaging many independent simulations reproduced this distribution ( Fig. S2c ). As for the deterministic case, foci occasionally developed on the domain boundaries but were much rarer ( Fig. 1f ). Most importantly such asymmetric patterns were not stable and after a short time the system returns to the correct position ( Fig. 1e, Fig. S5 ). We also found that positioning is lost in the absence of exchange with the bulk (Fig. S4d, e ). The flux balance mechanism evidently biases selection of both the desired regularly positioned symmetric modes and the undesirable boundary modes, while stochastic effects destabilize the latter (see methods and SI Text). Furthermore pattern formation and positioning occurred over a relatively wide parameter range, especially in the stochastic case ( Fig.   S1c , methods). These results demonstrate the robustness of the patterning and its independence on initial conditions. Peak-splitting is induced by growth. Positioning mechanisms in bacteria are often involved in the partitioning of chromosomes and plasmids. As such, the timely splitting and re-positioning of clusters is usually central to their function.
We therefore incorporated domain growth into the simulations in order to examine the effect on patterning and whether it is sufficient to induce splitting. When we considered a single focus on an exponentially growing domain, we indeed observed peak-splitting where the mode 2solution abruptly splits into the mode 4solution ( Fig. 2a ). Treating the domain length as a bifurcation parameter, we found the critical domain length to be L crit =5.45 µm ( Fig. 2b) .
Interestingly, we observed that a shrinking domain causes the opposite bifurcation but at a lower critical length of 2.71 µm, indicating a type of hysteresis (Fig 2b, Fig. S6a ). This bifurcation does not occur via peak merging, rather one of the two peaks disperses, while the other moved to the mid-domain position. We found that the critical length L crit increases with both on-nucleoid diffusion rates. However, increasing the cytosolic diffusion constant has no effect since the cytosol is already well-mixed on the timescale of protein (un-)binding (SI Text).
Turning to stochastic simulations, we found much the same behaviour with one focus at mid-domain rapidly becoming two foci at the quarter positions ( Fig. 2c ). Peak-splitting occurred earlier than in the deterministic simulations and generally between 40 and 80 mins into the simulation with half of the simulations having split by 60 min / 4.1 µm ( Fig   2d) , whereas the critical length L crit =5.45 µm is reached later at 112 min. It therefore appears that the bifurcation here is somewhat analogous to a saddle-mode bifurcation in that the basin of attraction of the stable fixed points shrinks as the bifurcation is approached. Stochastic fluctuations then allow the system to jump to the mode 4-branch before the bifurcation occurs.
We next investigated extended domain growth. It has already been shown that exponential domain growth can lead to robust pattern doubling of Turing patterns in the deterministic case 32 and we found this to also be the case here ( Fig. S7 ).
On the other hand, pattern doubling has been found not to be robust in the stochastic case 13 . Indeed, we observed that new foci appear as the domain grows and are regularly positioned but they do not split simultaneously like in the deterministic case ( Fig. S8a ). However, we found that the average number of foci as a function of the domain length shows a clear linear relationship with 1 additional focus every 3 µm (or, equivalently, an exponential relationship with time) (Fig. S8b ). Therefore, while foci do not split synchronously in individual simulations, the average growth behaviour shows pattern doubling. Similar regular positioning of foci is found in Streptomyces coelicolor 33 . During sporulation, the protein SsgA forms many regularly positioned foci within (multi-chromosome) long aerial hyphae and serves to positively regulate the position of the future cell division site.
In order to qualitatively compare these results on peak splitting with the biological system, we imaged a strain carrying a MukB-GFP fluorescent fusion at the original chromosomal location 25 . As mentioned above, MukB forms clusters at the mid-or quarter-cell positions. Furthermore, these clusters can be composed of one to two closely spaced foci, which interconvert reversibly and dynamically within a timeframe of less than 5 min 34 , reminiscent of what we observe in our individual simulations ( Fig. 1e, Fig. 2c, Fig. S5, Fig. S8 ). This behaviour made it difficult to ascertain when precisely a cluster had irreversible split using time-lapse experiments ( Fig. S9a -c) especially when we wanted to relate this to the time at which the nucleoid becomes bi-lobed (see below), an event which is also initially dynamic and reversible.
Furthermore, photo-bleaching restricted the frame rate of time-lapse experiments to no faster than a frame every 3 min.
We therefore took a demographic approach 35 , imaging many cells with high image quality and extracting the MukB-GFP fluorescent profile along the long cell axis. Profiles from cells having the same length, to the nearest two pixels (130 nm) were then averaged and arranged into an averaged demograph ( Fig. 3b ). We found a pattern very similar to that of average over many stochastic simulations ( Fig. 3a ) with a clear relationship between the cell length and the number of MukB-GFP clusters. While these experimental observations do not directly prove that splitting of MukB-GFP clusters is due to growth, they are qualitatively consistent with the growth induced splitting in our model. Nucleoid compartmentalization can enhance peak-splitting. Nucleoid-bound proteins are inherently affected by chromosome segregation: diffusion between the two nucleoid lobes is likely to be severely restricted with the majority of protein exchange occurring via the cytoplasm. To investigate how this affects pattern splitting, we mimicked chromosome segregation in our simulations by splitting the surface (the nucleoid) into two compartments, while still allowing exchange via the bulk (the cytoplasm). We performed the simulations as previously but now with a compartmentalized surface from 40 min onwards. Interestingly, we found this was able to induce focus splitting earlier and more synchronously than domain growth alone (Fig. 3c, Fig. S6b ). This suggests that chromosome segregation can play a role in the positioning and splitting of self-organized protein clusters. This may especially be the case in systems that have many repeating foci such as SsgA. Compartmentalization via chromosome segregation then essentially reduces the problem of forming and positioning multiple separated foci to simply forming and positioning multiple single foci individually and may therefore contribute to the robustness of these systems.
Does nucleoid segregation play a role in the splitting of MukBEF clusters? To address this question, we used a DNA stain, Sytox Orange, to accurately stain the nucleoid in live cells and determine whether nucleoid segregation (as measured by a bi-lobed nucleoid) begins before or after MukB-GFP clusters split. Time lapse experiments indicated that these two events are reasonable synchronous but as discussed above their dynamic nature and the restricted frame rate made it difficult to draw any further conclusion. We therefore performed a demographic analysis as for MukB-GFP (Fig.   3d ). We found that the nucleoid starts to become bi-lobed only after the MukB-GFP cluster has split (Fig. S9f ). This suggests that nucleoid segregation is not the cause of cluster splitting. While the effect we observed was subtle (but statistically significant) and based on average demographs, two previous observations support the conclusion. Firstly, depletion of the topoisomerase TopoIV, an enzyme that is essential for chromosome separation, produces elongated cells with several catenated chromosomes and a homogeneous nucleoid but several evenly spaced MukB foci 36 . Secondly, the nucleoid becomes bi-lobed from about half-way through DNA replication 37, 38 whereas MukB foci splitting is approximately coincident with ori separation 34 , an earlier event. The growth induced splitting of our model therefore provides an attractive alternative mechanism for MukBEF cluster splitting.
Inhomogeneous binding and unbinding of proteins modulates peak positioning. In the model presented thus far, we have taken binding and unbinding of proteins to be uniform. However, many nucleoid associated proteins exhibit some amount of specific DNA binding. Both E. coli MukBEF and B. subtilis SMC do not exhibit sequence specific DNA binding 26, 39, 40 . However, the presence of other proteins cause the latter to be specifically loaded onto the DNA at sites in the ori region 41, 39 , while the former is specifically unloaded from the DNA at sites in the ter region 26 . 
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